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Introduction

This book introduces the language of mathematics through
point-set topology. Little background in mathematics is as-
sumed.

It is a useful addition to current literature because:

1) The introduction of point-set topology for a primary au-
dience with little to no background in the subject is more
effective than some relevant literature in wide use today.

2) The introduction to the language of mathematics is more
accessible to the undergraduate / advanced high school math

student than some relevant literature in wide use today.

3) Tt serves as an excellent accompanying text to existing
relevant literature.

I hope you find it useful.

- Chris
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Chapter 1

Logic

1.1 Remark

X is a car implies X is a car or truck. That is, X is a car =
X is a car or truck. But X is a car or truck does not imply
that X is a car. For example, X could be a truck.

1.2 Remark

X is a car and X is blue = X is blue. But X is blue does
not imply that X is a car and X is blue. For example, X
could be a blue truck.

1.3 Remark

Suppose that Bob and Mary have had only one child and
that child’s name is Lucy. Then X is Bob and Mary’s child
= X is named Lucy. But X is named Lucy does not imply
that X is Bob and Mary’s child.

13



14 Topology and the Language of Mathematics

1.4 Remark

X is the state capital of Illinois implies that X is Springfield,
IL.

X is Springfield, IL implies that X is the state capital of Illi-
nois.

We can say this more concisely in the following way:

X is the state capital of Illinois if and only if X is Springfield.
X is the state capital of Illinois <= X is Springfield.

If we want to show that A is true if and only if B is true, we
will often show that A implies B and that B implies A.

1.5 Remark

The negation of the statement ‘Cindy is a cat’ is ‘Cindy is
not a cat.” The negation of ‘There exists an x in T such
that x is blarg.” is ‘There does not exist an x in T such that
x is blarg.” or equivalently, ‘Every x in T is not blarg.’

1.6 Remark

Suppose we want to show that every person in the world has
the quality of being blarg. Then it is enough to choose one
arbitrary person in the world, and show that person must
have the quality of being blarg.

For example: Suppose we want to show that every integer is
a rational number. Let x be an integer. Then x = {.
T is rational. Given an arbitrary integer x, we have shown

that = must be rational. So every integer is rational.

14



Part I: Preliminary Material 15

1.7 Remark

Let P be the following statement: A implies B. The contra-
positive of P is the following statement: not B implies not A.
A statement is true if and only if its contrapositive is true.
Sometimes if you want to show that A implies B, it is easier
to show that not B implies not A. For example: The contra-
positive of ‘John is blarg implies Jason is bloog’ is ‘Jason is
not bloog implies John is not blarg.’

1.8 Remark

Let x be a rational number and let y be an irrational number.
Show = + y is an irrational number.

Proof. Since x is rational, z = § for some integers a and b,
(&

b # 0. Suppose that x + y is rational. Then z + y = ¢

d
for some integers ¢ and d, d # 0. So § + y = 5. So
y = 5 — ¢ Soy = bcb_d“d. a,b,c, and d are integers.
So be, ad, bd, and bc — ad are integers. So, we have shown

that y is rational. But y is not rational. So our assumption
that x + y is rational must have been false. So x + y is
irrational.

]

This is a proof by contradiction. We assume that something
is false and arrive at a contradiction. Then we conclude that
what we assumed is false is actually true. We will try not
to use proof by contradiction very often, since it is a little
awkward.

15
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Chapter 2

Sets

2.1 Definition

A set X is a collection of things.

If x is one of the things in X, then z is said to be an element
of X. This is written x € X. If x is not an element of X
we write z ¢ X. If x and y are elements of X, we write
r € Xandy € X orequivalently z,y € X.

2.2 Example

The set of people whose first name starts with T is a set. We
might write this set as: A = {z; x is a person with a name
that starts with the letter T} We read this as ‘A equals the
set of all x such that x is a person with a name and this name
starts with the letter T.” (Notice the ; is read ’such that’)

My first name is Chris, so I am not an element of this set.
So Chris ¢ A. Suppose you choose a person named Tom.
Then he is in this set. We can say Tom € A. Note that A
contains millions of elements.

17



18 Topology and the Language of Mathematics

2.3 Example

Let X = {0,1,2}. This set has three elements. Its three
elements are the numbers 0, 1, and 2. 0, 1, 2 € X. 3 ¢ X,
car ¢ X, and 2.012 ¢ X.

2.4 Definition

Suppose we have two sets, A and B. Suppose every element
of A is an element of B. Then we say that A is a subset of
B (or A is contained in B). We write A C B.

2.5 Notation

For the rest of the book, let R — the set of all real numbers,
7, = the set of all integers, N = the set of all positive integers,
Q = the set of all rational numbers.

2.6 Example

NCZcCcQCR

2.7 Notation

For the rest of this book 3 means ‘there exists’ and V means
“for all’.

2.8 Definition

Let A be the set with no elements. Then A is called the
empty set. The empty set is often denoted ¢.

18



Part I: Preliminary Material 19

2.9 Example
Let A={r e R; v +2>—2and 2+ 3 < -5}

Claim: A= ¢

Proof. Assume that A # ¢. Then 3¢ € A.
Sot+2>—-2andt+3 < —5.

Sot>—4and t < —8.

This is bad since there isn’t any such ¢ € R.

So our assumption that A # ¢ has led to a contradiction.

So A = ¢.

2.10 Result
Let X be any set.

Claim: ¢ C X

Proof. Suppose that ¢ is not contained in X. That means
Jx € ¢ such that x € X. So 3z € ¢. But there is no x € ¢.
So our assumption that ¢ is not contained in X is false. So
o C X.

L]

2.11 Example
Let X = {0,1}. Then ¢ C X (by 2.10). But ¢ ¢ X. X

has only two elements, the numbers 0 and 1. ¢ (along with
every other set) is not an element of X.

19



20 Topology and the Language of Mathematics

2.12 Example
Let X = {¢,0}. Then ¢ C X by 2.10. X has two elements,
the number 0 and the set ¢. So ¢ € X and 0 € X.

2.13 Remark

This empty set stuff is a little awkward. We will use it be-
cause it will be useful to us. It helps in set theory similarly
to how having the number 0 and negative numbers in arith-
metic is sometimes useful.

2.14 Definition

Let A and B be sets.

Then A|JB ={z; x € Aor z € B}.
This is referred to as the union of A and B, or A union B.

Then A(\B ={z; v € Aand x € B}.

This is referred to as the intersection of A and B, or A
intersect B.

2.15 Example
QNZ=2,QUZ=Q,ZNN=N, ZUN=Z,

2.16 Example

If A={1,23,58,13,21,...} and B = {0,1,2,3,4,5} then
ANB={1,2,3,5}and A B ={0,1,2,3,4,5,8,13,21, .. .}

20



Part I: Preliminary Material 21

2.17 Remark

In 2.16 we did not list every element of A. A had an infinite
number of elements, and we described them in a way we
hoped was clear. Another possible way to describe the same
set A would have been the following. Let n; = 1. Let ny = 2.
For each integer ¢« > 3, let n; — n;_; + n; 5. Then define
A = {ng; k € N}. Whenever you must describe a set,
you should choose a way to correctly describe the elements
in a set, concisely and clearly. Sometimes it may be logical
to list every element of a set. Sometimes it may make more
sense to not.

2.18 Definition

Let A and B be sets. A = B means A C B and B C A.

2.19 Example

Let A = {cat, dog}, B = {parrot, dog}.

A B = {dog}
AlJ B = {cat, dog, parrot}

Claim: {cat, dog, parrot} — {cat, dog, parrot, cat}

Proof. Let the set on the left hand side of the equals sign be
LHS. Let the set on the right hand side of the equals sign be
RHS.

LHS c RHS:
Every element of LHS is an element of RHS. So LHS C RHS.
RHS C LHS:
Every element of RHS is an element of LHS. So RHS C LHS.

21



22 Topology and the Language of Mathematics

We have shown that LHS < RHS and RHS < LHS. So
LHS — RHS.
]

2.20 Definition

Let X and A be sets. Define X — A = {t;t € X and ¢t ¢ A}.
X — A is called the complement of A in X.

2.21 Example
{0,1} CR

R —{0,1} = (—00,0)J(0,1) J(1, 00), where
(—00,0) ={z € R; = <0},

(0,1)={zeR; 0 <z <1} and

(L,oo) ={z € R; x > 1}.

2.22 Example
Let A={r eR;0<2<1}, B={zeR i <x<3}

We can also write this A =[0,1), B = [£,3].

Claim: ANB = [},1).

Proof. LHS C RHS:
Let x € A(B.

Then z € A and X € B.
So0<x<landj<uz<3.
SonO,xZ%,x<1,x§3.
Soxz>jandx <1 Sozels,1).

22



Part I: Preliminary Material 23

RHS c LHS:

Let z € [1,1).

Then z > 0 and z < 1. So z € A.
And since z > % and z < 3,z € B.
Soz e A B.

(Why are we done?)

2.23 Example

Let B =R — @Q (the set of irrational numbers).
QUB=Rand QB = ¢

2.24 Problem

Let X =N, A=1{2,4,6,8,...}
What is X — A7 Describe this set in three different ways.

2.25 Problem

Let A and B be defined as in 2.22. Show A|J B = [0, 3].

2.26 Definition

If X has exactly n elements for some n € N{J{0}, then we
say X is finite .

2.27 Example

{0,1,2,10} is finite (with 4 elements).
R and N are not finite (Why?).
¢ is finite (with 0 elements).

23



24 Topology and the Language of Mathematics

2.28 Definition

If a set X is not finite, then we say that X is infinite .

2.29 Example

R and N are infinite.

2.30 Result

Claim: The complement of a union of sets is the intersection
of the complements of those sets. (DeMorgan)

Proof. LHS C RHS: Let x be in the complement of a union
of sets. Then z is not in the union of these sets. So x is not
in any of the sets. So, for every set, x is in its complement.
So x is in the intersection of the complements of all the sets.

RHS C LHS:

Let x be in the intersection of the complements of the sets.
Then z is in the complement of each of the sets. So, x is not
in any of the sets. So z is not in the union of the sets. So x
is in the complement of the union of the sets.

]

2.31 Problem

Show that the complement of an intersection of sets is the
union of the complements of those sets. (DeMorgan)

24



Part I: Preliminary Material 25

2.32 Result

Let A C X.
Claim: X — (X — A) = A.

Proof. Let 1 € X — (X —A). Thenx € X andz ¢ X — A, so
reA Letx € A Then x ¢ X — A. Since A C X,z € X.
Sox e X — (X —A). (Why are we done?)

[]

2.33 Problem

Let A, B, and C be sets.
Show (ANB)UC =ANBUYC) <= C C A.

Proof. —

Suppose (AN B)JC =AN(BUYC). We want to show that
C C A. So, let x € C. We want to show that z € A. Since
reC,ze(ANBUC. Soze AN(BUYC). So z € A.

<— Suppose C' C A.
We want to show (AN B)JC =ANBUCO).

LHS C RHS:
Let z € (AN B)YC. Then z € (A B) or xz € C.

Case 1: z € A(B
Then z € A and x € B. Since z € B,z € B|JC. So
re ANBUYO).

Case 2: z € C.

Then z € BJC. Since C C A,z € A. Sox € A(\(BUO).
So we have shown that when we suppose C' C A,

25



26 Topology and the Language of Mathematics

(ANB)UC Cc ANBUOC).

There is one thing left to show ... notice what that is, and

then show it.
OJ

26



Chapter 3

Functions

3.1 Definition

Let A and B be sets. A function f from A to B is a rule
that assigns to every a € A precisely one b € B. A is
called the domain of f and B is called the codomain of f.
When f assigns a to b, we say that f(a) = b. We read this
‘f of a equals b’.

3.2 Example

Let f(x) =2 +2Vx eR.
Claim: f is a function from R to R.

Proof. Let x € R. f(z) = v +2. v +2 € R. And there
is only one number in R that is equal to x + 2. So f is a

function from R to R.
O

Showing a function really is a function is often called showing
a function is well-defined.

27



28 Topology and the Language of Mathematics

3.3 Notation

Let A and B be sets. If we want to say ‘f is a function from
A to B’, we will often write f: A — B. So in 3.2 on the
preceding page, f: R — R.

3.4 Example

A function f : A — B can assign lots of different ele-
ments of A to the same element of B. For example, let
f:7Z — {0,1,2,3}, where f(x) = 1Vz € Z. f reallyis a
function. Every element of Z gets assigned to exactly one el-
ement in {0, 1,2,3}. And lots of integers are being assigned
to the same thing. Some functions assign every element of
the domain to a different element of the codomain ...

3.5 Definition

Let A and B be sets, and let f : A — B. We say f is
1-1 (read "one to one") or injective when f(z) = f(y)
implies x = y. Or, equivalently, when x # y implies that

f(@) # f(y).

3.6 Example

Let f:7 — R, f(z) = 2.

Claim: f is 1-1.

sy Sy o fg e S =2
[

28



Part I: Preliminary Material 29

3.7 Example
Let X ={z €R; 2>0}. Let f: R — X, f(z) = 22
Claim: f is not 1-1.

Proof. f(1)=1= f(—=1), but 1 # —1. So f isnot 1-1. O

3.8 Remark

In our definition of a function we required every element in
the domain to be sent to an element of the codomain. How-
ever, we didn’t require that every element in the codomain
get an element of the domain assigned to it. For example,
let f:{0,1,2} — {0,1,2}, f(x) =0V x € {0,1,2}. Then
f is a function, but not every element of the codomain gets
an element of the domain assigned to it (for example, there
isno t € {0,1,2} such that f(t) = 1). Some functions assign
an element of the domain to every element of the codomain.

3.9 Definition

Let A, Bbesetsand f: A— B. WhenVb € Bda € A
such that f(a) = b, we say that f is onto . Equivalently, we
may say [ is surjective .

3.10 Example

Claim: The function f in 3.2 is onto.

Proof. Let y € R. Then y — 2 € R.
And f(?/ - 2) = (y - 2) + 2 =1y. So f is onto. (Why are we
done?) M

29



30 Topology and the Language of Mathematics

3.11 Example

Claim: The function f in 3.4 is not onto.

Proof. 2 € {0,1,2,3}. And there is no x € Z such that
f(z) =2. So f is not onto. O

3.12 Remark

Suppose you have a function f: A — B.

If fis 1-1, you might think of A as at least as ‘big’ as B.

If f is onto, you might think of B as at least as ‘big’ as A.
See 3.27 on page 35 for an example of why care should be
taken in this interpretation.

Some people get excited about functions that are both injec-
tive and surjective.

3.13 Definition

Let f: A — B. Let f be injective and surjective. Then we
say that f is bijective . We call f a bijection from A to B
or from A onto B.

3.14 Example
Let f:{0,1} — {0,1} where f(0) =1 and f(1) = 0.
Claim: f is bijective.

Proof. f is both 1-1 and onto. O

30



Part I: Preliminary Material 31

3.15 Example
Let f:Q — R, f(x) ==
Claim: f is 1-1, but not bijective.

Proof. f is 1-1:
Suppose f(x) = f(y). f(z) = and f(y) = y. So v = .

f is not onto:

V2 € R. But there is no 2 € Q such that f(z) = /2. Why?
Suppose that there is such an z. Then f(z) =

we claim that v/2 ¢ Q.

Lemma: /2 ¢ Q

Proof of Lemma. Suppose that v/2 € Q. Then for some
xy € 7L, V2 = g, where x # 0 and % is written in low-
est terms (that is, x and y are relatively prime).

So \/§2 %2.

So 2 =

So 2y% = 2. The square of an odd number is odd, and 2y?
is even. So x must not be odd. That is, x is even.

So x = 2t for some t € Z. So 2y* = z* = (2t)? = 42

So we have 2y? = 4¢2.

So 3% = 2t2.

Since the square of an odd number is odd, and since y? is
even, y must be not odd. That is, y is even.

So x and y are even. But we assumed that z and y are rel-
atively prime. So this is a contradiction to our assumption

that v2 € Q. So v2 ¢ Q.

% |

]

Our assumption that 3z € Q such that f(x) = v/2 has led to
a contradiction. So there is no such z. So f is not onto. [
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32 Topology and the Language of Mathematics

3.16 Definition

Let A, B,and C' besetsand f: A — Bandg: B — C.
Then we can define h = go f, h : A — C with h(z) =
g(f(x)) V2 € A. That is, we take x € A, we use [ to
send it to f(x) which is an element of B. Then we take this
element of B, f(z), and we apply g to it getting g(f(z)).
We say h is ¢ composed with f or the composition of g
with f.

3.17 Example

Let f:Z— Q, g:Q — X where X = {x € R;xz > 0}.
Let f(z) =axVax € Z. And let g(z) = /xVx € Q.

Let h=go f.

Then h(2) = g(f(2)) = 9(2) = V2.

h(16) = g(f(16)) = g(16) = V16 = 4.

3.18 Definition

Let f: A— A When f(x) = xVx € A, we say that f
is the identity on A. We will sometimes write f = id or
f=1id:A— A

3.19 Definition

Let f: X — Y and g: X — Y. We say that f = g when
flz)=g(x)Vxe X.

32
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3.20 Definition

Let f:A— B, g: B— A. Let h=go f,and j = fog.
Note that h: A — Aand j: B — B. When h =1id4
and j = idg, we say that f is the inverse of g, and ¢ is the
inverse of f. That is, f = g~!. The use of the phrase ‘the
inverse of’ is ok, because the inverse of a function is unique.

Note that if f = ¢!, then we automatically have g = f~1.

We say that f and g are inverses of each other.

3.21 Result
Let id: X — X.

Claim: id~' = id

Proof. id(id(x)) = id(z) = Vo € X. So id is its own
inverse. 0
3.22 Example

Let A={z e R; x > 0}

Let f: A— A, f(z)=aVzeR

Let g: A— A, g(z) =2V eR.

Claim: f =g~ !

Proof. f(g(x)) = f(2?) = /(2?) =z
9(f(x) =g9(Vz) = (Vo) == u



34 Topology and the Language of Mathematics

3.23 Result
Let f: X —Y.

Claim: f~1 exists if and only if f is bijective.

Proof. = Suppose 3 f71:Y — X.

f is onto:

Let y € Y. Then f~'(y) = x for some z € X, since f~!
is well-defined. And f(x) = f(f ' (y)) = (fo [Ny =
idy (y) = y.

fis 1-1:

Let f(z1) = f(x2)

Then f~'(f(xz1)) = f~(f((2))
(f 7o f)(ar) = (f71 o f)(x2)
But f_l o f = idx.

So we have id(z1) = id(z3).

So x1 = x9.

So we now have f is bijective.

=
Let f: X — Y be a bijection.

We want to construct f=!. Let y € Y. Then 32z € X such
that f(z) =y, since f is onto. Since fis 1-1, we know this

x is unique. So for each y there is exactly one z such that
f(z) = y. And that’s good.

For each y € Y, choose the one z € X such that f(z) =y,
and let f~(y) = . We have defined the function f~!. So
we are done. ]

34



Part I: Preliminary Material 35

3.24 Problem

Let X, Y, and Z be sets.
Let f: X — Y and g : Y — Z be bijective and define
h=go f. Show h™! exists and h™! = f~log™!.

3.25 Problem

Let f:A— B,g:B— C, h=gof.

Decide whether each of the following four statements is true
or false and show why.

1) If h is surjective, then f is surjective.

2) If h is surjective, then g is surjective.

3) If h is injective, then f is injective.

4) If h is injective, then g is injective.

3.26 Problem

Let f:A— B, g: B— C, h=gof.

Show the following:

1) If f and g are injective, then h is injective.
2) If f and g are surjective, then h is surjective.
3) If f and g are bijective, then h is bijective.

3.27 Problem

Construct a bijection from [0, 1] to (0, 1).

Hint: Let A = {3,3, 1. %,.. .} andlet B = {z;z € (0,1)—A}.
Construct a function f where f(b) = bV b € B, and

f(5) = 5 ¥n € {2,3,4,5,...}. You should then define

n

f(0) and f(1) in a useful way, and show that f is indeed a

35



36 Topology and the Language of Mathematics

bijection.

This gives a reason why we should be careful using the word
"big" for infinite sets in the manner it is used in 3.12 on
page 30. Why?

3.28 Problem

Let f: A— A g = fof, and g injective. Show f is
injective.

3.29 Problem

Let ¢d : X — X. Show id is bijective.

3.30 Definition

Let AC X, f: X — Y. Define f(A) ={y €Y; y=f()
for some x € A}. We sometimes call f(A) the image of A
under f.

Let B C Y. Define f7Y(B) = {z € X; f(z) € B}. We

sometimes call f~!(B) the inverse image of B under f.

Note that f~!(B) exists even when no function f~! exists.

3.31 Example

-1 forz <0
1 forx >0

Define f: R — {—1,1}, f(z) = {

36



Part I: Preliminary Material 37

Note this is read as f(x) is -1 for z less than or equal to 0,
and f(x) is 1 for x greater than 0.

f(=21]) = {-1}
f(=1,0.1)) = {=1,1}
7 {=1}) = (=00, 0]
J7H({1}) = (0,00)

37
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Chapter 4

Exam

It is strongly recommended that you do not continue to the
next part until the following exam is easy.

1)
Define z € Z to be odd if z = 2t 4 1 for some t € Z.
Define y € Z to be even if x = 2t for some t € Z.
Show all of the following:

There is no integer that is both even and odd.

The sum of two odd integers is even.

The sum of two even integers is even.

The sum of an odd integer and an even integer is odd.
The square of an odd integer is odd.

The square of an even integer is even.

2) Let A C B. Show that A(1B = A and A B = B.
3) Let X be a set. Show that o[ X =¢ and o |JX = X.
4) State the negations of the following two statements:

a) There are no x’s in Y such that X is blarg but not bloog.
b) All z’s are bloog.

39



40 Topology and the Language of Mathematics

5) Define X = {0, {0}, 1}. Which of these are elements of X
) {1}

) &

) X

6) Let f be defined as in 3.15 on page 31. We showed f is
not bijective. Which of the following exist

a) f7H(Q)

b) /(R -Q)

c) f~ 1({2})
) [HV2}

T o

o
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Definition of Topology
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Chapter 1

Topology

1.1 Definition

Let X be a set. A topology on X is a set T whose elements
are subsets of X having the following three properties:

1) ¢ and X are open
2) Given any collection of open sets, their union is open
3) Given any two open sets, their intersection is open

Each element of T" called an open set.

When we have a set X and a topology 7" on X, we call (X, T)
a topological space or simply a space . We say that X
is equipped with the topology T. When it should cause no
confusion, we will sometimes just say X is a space (omitting
naming the topology).

The definition of a topology may seem a bit awkward. We
will do lots of examples to try to make dealing with it easy.
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1.2 Notation
Let (X, T) be a space.

The following all mean the same thing:
1) U is an open set in the topological space (X, 7))
2)UeT

And, if the topology T is understood:

3) U is open in X

4) Uyrer C X

And, if both the set X and the topology 7" on it are under-

stood:
5) U is open

1.3 Example

Let X be a set. Let T'= {¢, X}

Claim: (X, T) is a topological space.

Proof. 1) ¢, X € T.

2) A collection of open sets either includes X or does not. If
it includes X, then the union of this collection is X, which
is open. If it does not include X, then every element in the
collection is ¢. And the the union is ¢, which is open. So for
any collection of open sets, we have shown that their union
is open.

3) Let Uy,Uy € T.
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Case 1: Uy or Uy = ¢
Then U, (Us = ¢, which is open.

Case 2: Uy and U, # ¢.
Then U; = Uy = X. And U, (U = X, which is open.

So (X, T) is a topological space. ]

1.4 Definition

When a set X is equipped with a topology T" and the ele-
ments of T are precisely ¢ and X (as in 1.3), T is said to be
the indiscrete topology .

Note that we have just found a way to turn any set into a
topological space. The set X might have numbers, or cars,
or matrices as elements. It doesn’t matter. We now have a
way to turn the set into a space.

1.5 Example

Let X be a set, and let T'={U; U C X}.
In other words, let every subset of X be open in X.

Claim: T is a topology on X.

Proof. 1) ¢ C X, so ¢ is open.
X C X, so X is open.

2) Let {X,} be a collection of open sets of X. Each X, is

contained in X. So the union of these sets is contained in
X, and thus open in X.
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3) Let UhU;pen C X. Ulng C X. So Ulng is open in
X.
U

1.6 Definition

When a set X is equipped with a topology T" and every subset
of X is an element of 7' (as in 1.5), then we say that X has
the discrete topology .

1.7 Example

Let X ={0,1}. Let T = {¢, {0, 1}, {0}, {1} }.
T is the discrete topology on X. Or equivalently, (X, T) is
discrete.

1.8 Definition

Let (X, T) be a space. When o € UP*" C X (that is, x € U
and UP*" C X)), then we say U is a neighborhood of x.

1.9 Example
Let X — {0,1,2}. Let T = {¢,{0,1,2},{0,1},{1,2}}.

Claim: T is not a topology on X.

Proof. {0,1} and {1,2} are open. {0,1}({1,2} = {1}
which is not open. So (X, T') is not a topological space. [
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1.10 Problem
Let X ={0,1,2}. Let T = {¢,{0,1,2},{0,1},{1,2},{1}}.
Show (X, T) is a space.

1.11 Definition

Let (X, T) be a space. Saying x is a point of X is equivalent
to saying = € X.

1.12 Problem

Let X = {Jason, Luke} How many different topologies are
there on X7 Suppose we take a set Y that has two elements,
but the elements are not necessarily Jason and Luke. How
many different topologies can you place on that set?

1.13 Problem

Let X = {the greek letter 7, the number represented by the
greek letter 7, 3.1}. How many different topologies can be
placed on X7

1.14 Problem

In R, for a < b, an open interval (a,b) is the set of real
numbers greater than a and less than 6. In other words,
(a,b) = {x; a < x < b}. We require a < b. If a > b, then
(a,b) is not defined.

Suppose you try to define a topological space (R,T") where
the open sets are ¢, R and every open interval (a,b) where
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a,b € R? Is (R, T) is a topological space? (Hint: the answer
is no).
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Chapter 2

Standard Topology on R

2.1 Definition

Recall that in 1.14 on the facing page we defined an open
interval in R.

Let T'={A; A= ¢ or Ais a union of open intervals in R}
Then we call T' the standard topology on R . We call it
a topology because it is one. But we need to show that it is,
which we do now ...

2.2 Result

Let T be the standard topology on R.

Claim: (R, T) is a topological space.
Proof. 1) Unions of open sets are unions of unions of open

intervals which are unions of open intervals, thus open.

2) ¢ is open. And for each n € N, (—n,n) is open. So
U~ (=n,n) is open (by 1) above). It would be nice if
U2, (—n,n) = R. Then we will have shown that R is open.
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Lemma: |J,—,(—n,n) =R

Proof of Lemma. LHS C RHS:

Let € |J,—,(—n,n). Then = € (—n,n) for some n € N. So
x € R.

So x € RHS.

RHS C LHS:
Let x € RHS. Then z = 0,2 > 0, or x < 0.

Case 1: If = 0, then x € (—1,1) and so = € LHS.

Case 2: If x > 0, then 93¢ € N such that ¢ > z. And
€ (—t,t). So x € LHS.

Case 3: If x < 0, then 3¢ € N such that —t < z. And
€ (—t,t). So x € LHS.

So we have shown that RHS C LHS.
So we have shown that LHS = RHS.
So we are done with both the lemma and 2). O

3) Let Uy, Us be open. Each is a union of open intervals
or empty. Uj()Us is a union of open intervals or empty
(Why?). So Uy [ U, is open.

So (R, T) is a topological space. a

2.3 Example

Let R have the standard topology. Let a € R.
Let (a,00) ={z € R; z > a}.

Claim: (a,00) is open.
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Proof. There are lots of integers bigger than a. Choose one,
and call it T. Look at (a, T), (a, T+ 1), (a, T + 2), etc.
Let A; = (a, T + 1) Vie NJ{0}.

Each A, is open. So J;°, A; is open.

If we can show that [ J°, 4; = (a,00), then we are done.

Lemma: |J;y A = (@, 00)

Proof of Lemma. Let x € J;-, A;. Then z € A;, for some
i €40,1,2,...}. Sox € (a,y) for some y € R, y > a.
So x € (a,00). Let z € (a,00). I M, T € N such that
M>T>x x€(a,M)=Apy_7. (Why?)

So z € U2, Ai.

2.4 Problem

Let R have the standard topology. Show (—o0, a) is open in
R.

2.5 Remark

Let a,b € R,a > b.

[a,b] ={z € R; a <z < b}.
[a,b) = {x € R; a <z < b}.
(a,b) ={x € R; a <z < b}.

la, b], [a,b), (a,b] are all not open in R. It is awkward to show
this with the tools we have now. We would have to show that
we could not write any of them as a union of open intervals.
In Chapter 5 we will introduce some tools that make showing
these are not open easy.
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2.6 Remark

Note that we have some topologies that we can place on any
set (discrete, indiscrete), and one topology (the standard
topology on R) that we can only place on R. In what sense
does it make sense to think of the discrete and indiscrete
topologies on a given set as two extremes?

Next we will introduce one more topology we can place on
any set. Then we will introduce a little more topological
language and apply it a bunch to all of the topologies that
we have discussed.
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